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Irregular Hodge Filtration on Twisted De Rham Cohomology^ 

Jeng-Daw Yu^ 



Abstract 

We define the irregular Hodge filtration on the exponentially twisted de Rham 
cohomology of a smooth quasi-projective complex variety. Basic properties are studied 
and we compare the filtration with a few others appeared in literature. 



^ . Introduction 

"*^ ! (a) The goal 



Let U he a complex smooth quasi-projective variety and / € 0{U) be a regular function 
on U. Consider the algebraic connection V = V/ = d + df on the structure sheaf O oiU 
defined by 



V : O ^ a^ 

> ■ 

QQ . V ^ dv + V ■ df. 

m . 

C^ , It is clear that V is integrable and hence extends to a chain map, still denoted by V, on 

the sheaves 0* of differential forms of U. The hypercohomology of the complex (fi*, V) 
on U is by definition the de Rham cohomology H(i^{U,'SJ) of the connection V, which 



m 

o 

^\j . is a finite collection of finite dimensional complex vector spaces. When / is a constant, 

we recover the algebraic de Rham cohomology -ffdR,(C//C) of C/, which is equipped with a 
Hodge filtration coming from various truncations (0-P,(i) of the usual de Rham complex. 
(V is the exponential twist of the usual differential d in the sense that the diagram 



O ^ -01 



exp / • O exp / • rji 



commutes. Here the vertical arrows are the multiplication by the exponential exp(/) of /. 
However since the function exp(/) is transcendental if / is non-trivial, one should regard 
the exp(/) in the lower corners as a symbol of a basis.) 
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When [/ is a curve, Deligne [9l pp. 109-128], motivated by the analogues between 
algebraic connections with irregular singularities and lisse etale sheaves with wild rami- 
fications, has defined an irregular Hodge filtration F^, indexed by A G M, on H(J^ji{U,'V). 
More precisely, let X be the smooth compactifiaction of U and S = X \U the comple- 
ment. The function / on [/ then extends to a rational function on X and hence V defines 
a meromorphic connection 

V :Ox{*S) ^n]^{*s) 

between functions and forms with poles supported on S. We have 

i/^R(C/, V) = W (x,Ox{*S) ^ ^],{*S)) . (1) 



Deligne then defines an exhaustive and separated decreasing filtration F (V) on the above 
two-term complex. The desired irregular Hodge filtration on H^^ is then given by 

F^Hl^iUy) := Image {eT' [x,F\V)) ^ F^r(C/, V)} (2) 

under the identification ([1]). When / is a constant, -F*(V) reduces to the pole-order 
filtration P* defined in [71 II. 3. 12] and thus one recovers the usual Hodge filtration. 

Deligne has showed that the spectral sequence associated with this filtration degen- 
erates at the initial stage (i.e. the arrow in ([2]) is always injective) and proved that the 
irregular Hodge filtration respects the pairing between the cohomology of V and of the 
dual connection. However the filtration and its complex conjugate are not opposite to 
each other in general. We remark that in |9j, the definition of the irregular Hodge filtra- 
tion is justified by its relation with the expected weights of special values of the gamma 
function. Moreover the filtration is defined for more general connections of certain type 
and not necessarily of rank one. 

In this paper, we propose a definition of the irregular Hodge filtration for V on [/ of 
arbitrary dimension. The idea is similar to Deligne's approach. We first pick a compacti- 
fication X oiU such that / extends to a morphism from X to P^ and that the complement 
S := X \ U is a normal crossing divisor. We then define a decreasing filtration F^(V) 
of the twisted meromorphic de Rham complex {Q^{*S),V). The sheaves involved in 
each F^(V) are all locally free on X. However the new definition does not coincide with 
Deligne's when [/ is a curve. In fact when / is constant, our filtration is not the same 
as the pole-order filtration P' but is equal to the usual Hodge filtration (J^^ (logS'),d) 
of the de Rham complex of logarithmic differential forms. Although the filtration fails to 
be exhaustive in general, it is rich enough to capture the de Rham cohomology of V and 
indeed induces the same filtration on the cohomology as Deligne's in the curve case. 

Another advantage of using the logarithmic differential forms lies in the fact that 
unlike the curve case, one does not have a canonical choice of the compact X. Two 
different choices are connected by a birational morphism vr and the sheaves ri^ (log S) 
behave well under vr. We shall prove that the irregular Hodge filtration on the de Rham 
cohomology of V obtained in this way is independent of the choice of X and satisfies 
some functorial properties. As in the curve case, we also demonstrate that the filtration 
respects the Poincare pairing between the cohomology of V and of the dual connection. 



Unfortunately at this point, we do not know when the associated Hodge to de Rham 
spectral sequence degenerates in general. However we provide several examples of relating 
this irregular Hodge filtration to other filtrations appeared in literature that known to 
admit the degeneracy of the spectral sequences. Some new techniques might be needed to 
attack the degeneracy problem. An ideal scene would be to obtain both analytic method 
and algebraic method of the proof if the degeneracy turns out to be true. For the recent 
developments of harmonic methods related to the irregular connections in more general 
settings, see the survey [26] of a 2012 Bourbaki talk. On the algebraic side, one may need 
to develop a mod p version of p-adic (e.g. rigid) cohomology theory which allows to have 
an irregular version of the Cartier isomorphism in order to adapt the method of f8]. It 
seems out of reach at this point. 

To close the discussion here of the story in characteristic 0, we mention that in the 
direction of relating the algebraic de Rham cohomology to a Betti type cohomology at- 
tached to any integrable algebraic connection of arbitrary rank via periods, the homology 
with coefficients in rapid decay simplicial chains has been defined and the duality to the 
de Rham cohomology has been established in [6J for the curve case and pLSj in general. 
On the other hand, the relation to the nonabelian Hodge theory has been discussed in 
[23] . The exponentially twisted de Rham cohomology also appears in the theory of mir- 
ror symmetry [18] and the study of Donaldson-Thomas invariants [19]. We hope the 
investigation of the irregular Hodge filtration can provide more structures and shed some 
light into these areas. In [25], another generalization of the irregular Hodge filtration in 
the higher rank case over a projective line is developed and has been connected to the 
so-called supersymmatric index. We will come back to the last mentioned paper in ^ 

(6) Motivation from exponential sums 

The other motivation of this work is to see if one can generalize Katz's conjecture to the 
p-adic estimates of exponential sums. Here the original conjecture refers to the relation 
between the Hodge numbers of a smooth projective X in positive characteristic and the 
p-adic divisibility of the absolute Frobenius acting on the crystalline cohomology of X. 
For the precise statements, see jS^, Thm.8.26], [17t §11.4]; see [2_lj for generalizations to 
powers of Frobenius. The corresponding statements for more general coefficients with 
possibly non-trivial logarithmic structures can be found in |221 §7.3]. 

Now for a smooth quasi-projective U over a finite field k and a regular function 
/ : [7 — )• A^, one defines its L- function L(T) constructed from the exponential sums of / 
over various finite field extensions of n (after choosing an additive character of n). L(T) 
is known to be a rational function whose zeros and poles are Weil numbers. (In fact 
the Lefschetz fixed point formula in either £-adic etale cohomology or rigid cohomology 
tells us that L(T) is a factor of the usual zeta- function of the Artin-Schreier cover of U 
associated with /.) In this setting, one hopes that the irregular Hodge numbers would 
provide a similar p-adic divisibility property of the Frobenius action and hence p-adic 
estimates of the L-function and the exponential sums. 

This application of the irregular Hodge filtration still seems far from realizable in 
general even in the case where U is a curve. However when U is an open set of P^, it 



is known that the irregular Hodge numbers indeed provide a lower bound of the Newton 
polygon of L{T) by the work [29j. (One checks that the Hodge numbers defined in that 
paper coincide with the irregular Hodge numbers for the corresponding connection over 
the complex numbers. Also see [9l second paragraph in p. 175] where Deligne has noticed 
the validity in the case of Gauss sums.) Another known example is the case of exponential 
sums over a torus by the work of, e.g., [U |27]. In this toric case, the irregular Hodge 
filtration is closely related to the Newton polyhedron filtration studied in |20l [2] and 
recalled in ^ If one ignores the Hodge filtrations, a version of the comparison between 
the rigid cohomology associated with exponential sums and the de Rham cohomology of 
the corresponding connections has been established in [3l Cor. 3. 8]. 

(c) Back to the paper 

The main body of the paper is organized as follows. In fJT] we give the definition of the 
irregular Hodge filtration of the twisted de Rham complex on a certain compactification 
X of U. We show that the induced filtration on the de Rham cohomology of (C/, V) is 
independent of X. Along the way some basic properties of the filtration are derived. We 
shall define the corresponding filtration on the cohomology with compact support. We 
then establish the perfect Poincare pairing between the de Rham cohomology of V and of 
its dual with compact support in ^ The irregular Hodge filtrations on them are shown 
to respect the Poincare pairing. In fact since we do not know when the Hodge to de Rham 
spectral sequence degenerates, we will also define pairings between terms on each stage 
of the spectral sequence and discuss their relations. 

f|3] to ^ are devoted to providing examples. In ^ we give a simple illustration of 
computing the irregular Hodge filtration of a certain connection on a regular surface. In 
^ we discuss the case where U = A^ x U' and / is the direct product of the identity 
on A^ and a function /' on U'. In this case, the irregular Hodge filtration reduces to 
the usual Hodge filtration of the subvariety defined by /' if it is smooth. We then recall 
the work of Adolphson and Sperber on the twisted de Rham cohomology over a torus in 
f|5l In this case a filtration coming from the Newton polyhedron A of the function / is 
defined and the associated spectral sequence is shown to degenerate if / is non- degenerate 
with respect to A in [2]. We show that in this case the filtration from A on the de Rham 
cohomology coincides with our irregular Hodge filtration. In f|6]we recall the work [25] of 
Sabbah on the generalization of Deligne's irregular Hodge filtration and apply it to the 
study of the case where f : X ^- F^ is smooth and U = f^^{A^). 

Finally in the appendix we briefiy recall Deligne's definition of the irregular Hodge 
filtration in the curve case and indicate that his definition gives the same filtration on the 
de Rham cohomology as ours. 

Of course, the reader is referred to the main body for definitions, various assumptions 
and precise statements. 

Part of this work has been done during my visit of Universitat Duisburg - Essen in 
2011 - 2012. I am grateful for the financial support, the hospitality and the inspiring 
environment provided by the group of Essener Seminar fiir Algebraische Geometrie und 
Arithmetik. I thank Professor Helene Esnault for helpful discussions and bringing my 
attention to the paper [25] . 



(d) Notations and conventions 

To shorten the notation, let 

A = A^ and P = P^ 

be the affine hne and the projective hne, respectively in the rest of this paper. Let 

D and D° = D \ {0} 

be the open unit disc and the punctured disc of the complex plane, respectively. For a 
divisor D on a variety, (-D)rcd denotes the associated reduced subvariety, i.e., the support 
of L>. 

Since we will use the sheaves of logarithmic differentials intensively, we introduce 
the following notation: Let X be a smooth completion of U such that the complement 
S = X \U is a normal crossing divisor. We let 

be the sheaf on X of differential forms of degree p, regular on U and with at worst 
logarithmic poles along S. 

For a decreasing filtration F"^ indexed by A € M, we set 

F^- = f]F^ and F^+ = [J F\ 

i<\ i>\ 

The A-th graded piece Gr^ = Gr^ of F* is defined as F^/F^+. 

For a complex K = {K*,6'), the degree p term of the shift K[n] is i^"+P with the 
differential (5"+^. If we want to locate the degree term of a complex to avoid confusion, 
we put the symbol ▲ under that term, e.g., •••—7'A—>i?— )■•••. The use of ▲ in some 

variants in the paper should be clear. For a double complex {K*'* ,81,82)^ the symbol 
tot(-fC*'*) denotes the total complex attached to K''* with differential 81 + {—IY82 on 

When regarded as a chain map, the connection V is only C-linear and one needs 
to consider, for example, the derived category of sheaves of C-vector spaces in order to 
discuss the cohomological properties. However when V acts on O-modules, the Godement 
injective resolution (of a sheaf of abelian groups) provides an injective resolution both in 
the category of O-modules and of C-vector spaces. Thus many cohomological statements 
can be derived within the restriction to O-modules. On the other hand, once one reduces 
to consider a coherent sheaf on a projective X, one can freely work with the analytic or 
the Zarisky topologies by the GAGA principle. We will use both principles repeatedly 
without further indications. 

1 The irregular Hodge filtration 

(a) The de Rham cohomology and good compactifications 

Fix a complex smooth quasi-projective variety U and a global regular function / on it, 
regarded as an element / € 0{U) or a morphism f : U —?■ A interchangeably. As in the 



introduction, let V = V/ = d + df he the integrable connection on the structure sheaf O 
of [/. It then extends to the twisted de Rham complex on U 



(f)',V) 



o^n'^ n^ 



Definition. The de Rham cohomology of the connection V is the hypercohomology 



Difinition. Let j : U —^ X he a compactification of U with the complement S := X \U. 
The pair {X, S) is called a good compactification of {U, f) if S* is a normal crossing divisor 
of X and / extends to a morphism f : X —^¥. Thus we have the commutative diagram 



X 



By the elimination of indeterminacy and the resolution of singularities there always 
exists a good compactification {X, S) of (U, /). Given such an X and a point a £ /~^(oo) 
of X, there exists a system of analytically local coordinates 

{xi,- ■■ ,Xr,ti,--- ,tm,yi,- ■■ ,yi} for some r,m,l >0 

such that 

• S = (xt) is a union of coordinate hyperplanes, and 

• / = ^/o for some exponent e € Zl^g and some analytic /o with /o(a) 7^ 0. 

This local picture will be used repeatedly. 

On the other hand, the connection V on [/ extends to the twisted complex 

{n'x{*s),v) = \ox{*s) ^ n],{*s) ^ nj,{*s) ^ • • 



Since 17^ (*5') = j*^^ 



TZj^Q-^, we have 



(3) 



(4) 



(b) The Hodge filtration on the de Rham complex 

Fix a good compactification {X,S) of {U,f). We shall define on the complex Q a 
separated filtration F , indexed by A € R, which is left continuous (i.e., F = F ). (It 
will also be exhaustive if / : [/ ^- A is proper.) 

Let P be the pole divisor of / on X; it is effective and supported on S. We have 

f£Ox{P) and dfen\{P). 

(Recall that ^^ := 0^(log5).) 

Definition. Let 

F\X):=[0{[-\P\)^n\[il-X)P\)^---^nn[{p-X)P\)^---], (5) 

regarded as a subcomplex of ([3]). The irregular Hodge filtration of V is the filtration on 

([3]) defined by 

F^(V) = F°(A)^rAl (AeM). 

We use F {Vy to denote the degree p component of F (V); it is a locally free subsheaf 
of J1^(*S). 

It is clear that at degree p, we have 

A(V7W f '^^>P 



^ ^^^^ I Op(Kp-A)PJ) ifA<p ^^^ 

and that F*(V) obeys the following two rules: 

F^(V)0 = (F^+i(V)°) (P) ifA<-l, 

(7) 

F^(V)P = OP F-^"P(V)° for ah A G M. 
Ox 

In the rest of this subsection, we build up some basic properties of this filtration. 

Proposition 1.1 Consider the local situation. Let U = {Wy x (B")™- x B' with coordi- 
nates 

Let / = ^ = Hi er with Ci > 0, /o regular and nowhere vanishing on W^"^^\ and 

V = Vj the associated connection on U. Let U = U xO with the natural embedding into 
X = B''+'"+'+^ and S := X \U. Then for each A, the natural inclusion 

Fi ^ F^(V) 

of suhcomplexes of {Q.*-^{*S),\/) on X is a quasi-isomorphism. Here F^ is the exterior 
product filtration of F^{SI) and F^{d) while F'^CV) is the filtration of the connection V 
attached to f regarded as a function on U. 

The same assertion remains true for U = U xl}" . 



Proof. Let n = r + m + I. Fix A < n + 1. By a direct checking we have the natural 
inclusion of complexes 



F^ (ox{*s) ^ n\*s) -^ — > i7"+i(*5)) . 

The quotient is described as follows. Let z be the coordinate of the last piece D of U. 
Let A = 0{U) and ^ = all possible exterior products among the 1-forms in < -j^,dyj > of 
degree > A. Then, as an yl-module, the quotient decomposes into 






with B{uj)[p+ 1] 



i / i ,1 \ T I'^ft multip. by dx "^ 



xl(p+l-X)e] I a;L(p-A)eJ 

LL(P+2-A)eJ Va;L(p+i-A)eJ^) ^"^i"^^ 

i=\ 

l<i<jf<r ^ ■' 

where p = deg(a;) and tok = /q ■ uj. It is clear that the complex B{uj)[p + 1] of C- vector 
spaces is isomorphism to 



xlip+l-X)e\^/ xl{p~X)e\^) g 



^^ left multip. by EL.^ ^^^...^y^^ 



where the later is the total Koszul complex attached to the C-vector space C generated 
by the basis \vi = — e^-^ > . Now this Koszul complex has null-cohomology and thus 

the assertion follows in this case. 

For the case 11 = 11x3°, one simply replaces dz by — in the above arguments. This 
then completes the proof. D 

Corollary 1.2 Consider the local situation. Let U = (Ili°Y x (]D)°)'" x ID' with coordinates 

\Xi,--- ,Xr,tl,''' ,'trmyiT''' tUIj- 
Let f = ei er with Ci > 0, /o regular and nowhere vanishing on D^^"^^ , and V = V/ 

the associated connection on U. Let U = U xO"" x (D°) with the natural embedding into 
X = p'"+™+'+«+^ and S := X \U. Then for each X, the natural inclusion 

Fi ^ F\V) 



of subcomplexes of {Q^{*S),'V) on X is a quasi-isomorphism. Here F^ is the exterior 
product filtration of F'^iV) and F^{d) while F^{S/) is the filtration of the connection V 
attached to f regarded as a function on U . 

Proof. This follows from the above proposition and the fact that the usual Hodge filtration 
of the logarithmic de Rham complex of B*^ x (B°)'' is equal to the product filtration of 
the filtrations on its factors. D 

Proposition 1.3 Let D and E he divisors of X supported on S and {P)red, respectively. 
Suppose E is effective. Then the natural inclusion 



0{D) ^n\D + P) 



0{D + E)^n^{D + E + P) 



np{D + pP) 



np{D + E + pP) 



(8) 



of complexes on X is a quasi-isomorphism. 

Proof. By induction, it suffices to consider the case where E is an irreducible component 
of (i-*)rcd- The assertion is local and we may assume that / = x~^fo with /o regular and 
nowhere vanishing on 

U = {B^Y X (D°)'" X P' -^ X = B" 

with coordinates {xi, • • • ,ti, • • • ,yi,- ■ ■} and D = {x'^t ),E = (xi). (One has S = (xt) 
and (P)red = {x).) Let A = 0(D") and $ = all possible exterior products among the 
1-forms in < -j^,dyj >. Then, as an ^-module, the quotient complex of ([8]) decomposes 
into 



with B{uj) 
1 



.A 



XlX' 



d+pefS j j,d+pe-j-5 



1 . \ left multip. by dx 

A]ujo ^^ y 



e 



1 



e 

l<i<j<r 



^A, 
1 



1 



A 1 
rj.^rj.d+{p+l)eiS^y xd+(p+l}ef5 J X. ^1 



A, 



1 



^^ rji.d+(p+2)e-j^S I ^d+{p+2)e^ 



. 1 ClXi (IX j 



UJ2 



where p = deg(w) and u}^ = /o 'W. The complex B{uj)[p\ of C-vector spaces is isomorphism 
to 



1 



A, 



1 



xix<^+PH^ I x'^+PH^ 



.A 



Ac 



left multip. by ^^—i Vi 



Ac 



Ac 



where the later is the total Koszul complex attached to the C-vector space C generated 
by the basis \vi = — e,-^ \ . Now this Koszul complex has null-cohomology and hence 
we obtain the desired statement. D 

Corollary 1.4 The inclusion 

(F°(V) with the induced irregular Hodge filtration] -^ UQ'x{*S),V),F^{\/) 

is a quasi-isomorphisni of filtered complexes on X. 

Proof. Write S = (P)red + T. CorO (plus %, proof of Prop.II.3.13]) and the above 
proposition give respectively the two quasi-isomorphisms 

F°(v) ^ F°(v)(*r) 

^ {F\V){*T)) (*(P),ed), 

both compatible with the equipped filtrations, while the last term is simply the complex 
{^*x{*S), V) with the filtration F^(V). D 

Notice that the corollary above implies immediately that H^^^(U,'V) is finite dimen- 
sional for any i and is non-zero only if < i < 2 ■ dim U since it is the hypercohomology 
of a chain of coherent sheaves on a compact X of length dimU. 

Definition. On X the logarithmic complex attached to V is the sub-filtered complex 
{n'x{logV),F^) C {n'x{*S),F^{V)) defined as 

n'xilogV) = [ker{Ox(*5) ^GrO(V)i} ^F°+(V)' 

= F0(V) Oxi-iP)red) 
Ox 

where Gr°(V)^ is the degree 1 component of Gr°(V) = F°(V)/F°+(V). 

Inside this logarithmic complex, il^(logV) = C'(— (P)red) is pure of filter degree 
while ri^ (log V) is of positive filter degree, i.e. jumps > 0. The following corollary gives 
us the information of Gr (V). 

Corollary 1.5 The inclusion ((^^^(log V), V,F^) -^ (03(.(*S'), V,F^(V)) is a quasi- 
isomorphism of filtered complexes. In particular we have the quasi-isomorphism 

0{-{PUd) ^ GrO(V). 

Proof. This follows from Prop [L3] by taking D = 0, E = (P)red and from the above 
corollary. D 
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(c) The Hodge filtration on the de Rham cohomology 

In the previous subsection, we define the irregular Hodge filtration on the twisted de 
Rham complex upon a chosen good compactification {X, S) of (U, /). Here we prove that 
the induced filtration on H^ji{U,V) does not depend on the choice of X. 

We begin by considering a map n : {X' , S') -^ {X, S) between two good compactifi- 
cations of (U,f). The corresponding irregular Hodge filtrations on them will be denoted 
by Fj^{V) and F^, (V), respectively. Recall that since vr is birational, we have 

TZtt^Ox' = Ox- 

Lemma 1.6 With notations as above, we have the following. 

(i) 7r*l]^=fl^,. 

(ii) The adjuntion map Cl^ — > TZtt^,(1^, is a quasi-isomorphism. 

(iii) We have 7r*F^(V) C -F^, (V) where vr* denotes the componentwise pullback to Ox'- 
modules. In particular we obtain 



vr* : M (X, F^ (V)) ^ M (x', F^, (V)) . 



Proof, (i) Indeed the 0^' -module 0^, is locally generated by forms 

bj = dlogfi A ••• Adlogfp 

where fj are meromorphic whose all possible zeros and poles are contained in S' . However 
since X'\S' = X\S, those fj are pull-backs of meromorphic functions on X, with possible 
zeros and poles only on S. Thus a; is a local section of 7r*0^. 
(ii) One has 

QP^ = Ox (^ ^^x 
Ox 

= TZtt^Ox' ® n^x 

Ox 

^ 7^7r* (ox' ^ TT*^x 
V Ox' 

where the isomorphism follows from the projection formula (O Exer.III.9.8.3] or \1?>\ 
Prop.II.5.6]). 

(iii) Let P and P' be the pole divisors of / on X and X' , respectively. One sees readily 
that 

7r*Ox ( L^-PJ ) C Ox' ( [r]P'\ ) for any r/ > 0. 

Thus the assertion follows from (i) and the identities in (j6]) and ([7|). D 
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Lemma 1.7 Let {X,S) be a good compactification of (U,f). Suppose that ir : X' ^ X 
is a blowup along a smooth center which has normal crossing with S. Then the canonical 
map 

is a quasi-isomorphism for any A € M. 

Proof. Fix a non-positive real number A. The exceptional divisor E is irreducible and is 
a projective bundle over the center S of the blowup vr. Let Qx be the coherent sheaf on 
X' defined by the short exact sequence 

^ TT* (f^ (Vf) ^ Fk, {Vf^Qx^O. (9) 



Then Qx is concentrated on E. By the projection formula, it suffices to show that TZtt^^Qx 
is quasi-isomorphic to zero. 

Locally on X, there exist coordinates {xi,--- ,Xn} and three non-negative integers 
r, a, b with a <r <b < n such that 

• the function / = (x^^ • • • x^'')~^/o with /o regular and nowhere vanishing, and 

• the center H is defined by 

c,- = if 1 < i < a 



Cj = if r < j < b. 

Over this local chart, we have that 

• EfE is fibered by projective spaces of dimension dim= E={a + b — r — 1), 

• vr*/ has pole order e := ei + • • • + Bq along E, and 

• above the origin of X, the sequence ^ is given by 

O^OM-APj+^L-Aed^J ^o([-APj + [-AejE) ^Qx^O (10) 

where P C X' denotes the proper transform of P C X. (Thus (P')red = iP)rcd + E.) 
Inserting the intermediate locally free sheaves of X' into the inclusion 

O I L-APJ +^L-Ae»jP j C O (L-APJ + L-Aejp) 

by adding one more copy of the divisor E in each step, we get a filtration in the middle 
term of (jlOp . It then induces a filtration on Qx ■ To get information of the induced grading 
on Qx, one has to compute the restriction 



OE[[-XP\ + [-Xe\E') 
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of the sheaf to E. Write (-P)rcd = Yll=i ^i where Pi is the proper transform of the z-th 
coordinate hyperplane. We notice that, still over the origin of X, 



E.R 



H if 1 < i < a 
if i > a 



E.E = —H {H denotes a hyperplane section) 



and 



< L-AeJ -^L-Aed < a-1 

< a + b — r — 1 = dini= E. 



i=l 



Therefore Qx over the origin of X is a successive extension of various O e /■e{~ t^i-H) with 
< /U < dim= E. With /i in this range, we have that 7^7r^,C'^/=(— /uiJ) is quasi-isomorphic 
to zero and hence so is TZn^Qx as desired. D 

Theorem 1.8 The hypercohomology M(^X,F (\7)) only depends on {U,f), not on the 
choice of the good compactification {X, S) . 

Proof. First suppose that tt : X' ^ X is a morphism between good compactifications. 
Recall the weak factorization theorem of birational morphisms |28l Thm.0.0.1]: The bi- 
rational morphism vr admits a factorization into the following commutative diagram of 
birational morphisms 




X' = Xi 



Here, for 1 < i < n, 

• Xj is a smooth completion of U with Si := Xi\U a normal crossing divisor; 

• Xi-i Xi represents either a blowup Oj : Xj_i — )■ Xi of Xi along a smooth 

center which is of normal crossing with Si, or a blowup Oj : Xj ^- Xj_i of Xj_i 
along a smooth center which is of normal crossing with Si-i; 

• there exists an integer m € [1,?^] such that Xi are equipped with morphisms 

Pi-. Xi^ Xo = X', l<i <m 
'ji : Xi ^>- Xn = X, m < i < n. 

The first and the third conditions ensure that each (Xi, Si) is a good compactification of 
{U,f). We let F^CV) denote the associated irregular Hodge filtration on Xi. 
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Set 7o = vr and 'ji = tt o ^^ : Xi ^ X for \ <i <m. Then for each 1 < z < n, we have 
the commutative diagrams 



(I) 



X^-l 



■Xi 



or 



(11) 



X, 



i-l 



■Xi 



li-l 




li-i 




X X 

By Lemma flTTl (apphed to aj), we obtain 

n-ii, {nai,Fl_^{Vf) in case (I) 
< 
^ n-ii-U {T^auF^iVf) in case (II) ^ 



7^7^-ui^-l(V)°=< 



) = n^^,Ft{vf 



(The = means quasi- isomorphic.) Thus by induction on the index i in 7j, one obtains 
that F^(V)'^ — )• T^vr* (F^, (V)°) is a quasi-isomorphism. Now by the identities in ([6]), ([7|) 
and by Lemma ll.6r iil. we then see that F^(V) — > T^vr* (-F£, (V)) is a quasi-isomrphism. 
Therefore the assertion follows in this case. 

Now given two good compactifications (Xi, 5i) and (X2, ^2) of (?7, /), one can always 
find a third one that dominates the two. Indeed we have the standard commutative 
diagram: 

Xi 




U^ 



-^ X ^ U CX1XX2 




X2 

where U is the closure of U in Xi x X2 via the diagonal embedding and X — t- [/ is a 
certain sequence of blowups such that {X, X \U) is a. good compactification. The above 
discussion then shows that vri and 7T2 induce isomorphisms on the hypercohomology of 
the corresponding F^(V). This completes the proof. D 

Applying the snake lemma to the long exact sequence associated with 

-^ F^+(V) -^ F^(V) -^ Gr^(V) -^ 0, 

the above theorem then yields the following. 

Corollary 1.9 The hypercohomology H* (X, Gr (V)) does not depend on the choice of 
X. 

Definition. Let {X,S) be a good compactification of {U,f). 
(i) For any A € M, we define 

H'(u,F^{V)) := If(x,F^{V)' 

W (u, Gr^(V)) := W (x, Gr^(V) ) . 
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(ii) The irregular Hodge filtration F on H^^{U, V) is defined by setting 

F^Hi^{U,Vf) = Image {]HI*(X,F\V))^]H^(X, ((73, (*5),V))} 
= Image [w (u, F\V)) ^ W^^{U, V)} 

induced from tlie inclusion F [V) — >■ {0.^{*S),'V) and via tlie canonical isomor- 
phism dl]). 

The definition does not depend on the choice of X. Notice that by Cor J1.4l we have 
W (u, F^{V)) = H\^{U, V) if A < 0. 



{d) The cohomology with compact support 

In the last part of this section we introduce the de Rham cohomology with compact sup- 
port of the connection V and define the corresponding irregular Hodge filtration. For the 
classical case, see [ini §4.3]. Again the definitions rely on choosing a good compactifica- 
tion X first. It is possible to establish the corresponding properties for the cohomology 
with compact support and prove that the definition of the irregular Hodge filtration does 
not depend on the choice of X as in the previous discussion. However we do not proceed 
in this direction. The independency will be clear once we obtain the duality in the next 
section. Notice that the proofs of the results in the next section do not use the proposition 
below. 

Definition. Let (X, S) be a good compactification of (U, f) and P be the pole divisor of 
fonX. 

(i) The de Rham cohomology of {U, V) with compact support is the hypercohomology 

H'm^M V) = w (x, o{-s) ^n\-s + p)^ — > np{-s + pP) ^ • • • ) . 

(ii) Write S = {P)rcd + T. For any A E M, define 

F^{V) := (f\V)) i-n 



regarded as a subcomplex of -F'^(V) on X. (The stability under V in -^^^(V) is easy 
to check.) Set Gr^(V) = F^{V)/F^+{V). We let 

Hl(u,F^{V)) := W(X,F^{V) 
Hl(u,Gr^{\7)) := M* (x, Gr^(V) 
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(iii) By ProplL3] (for D = 0,E = (P)red), we have 

Hij,4U,V) = Hl{U,F\V)). 
The irregular Hodge filtration on H'^^^(U,'V) is the filtration 

F^H^^^^iU, V) = Image [w (x, F,\V)) ^ W (X, F0(V)) } 
= Image {w, (u, F\V)) ^ H\^^,{U, V)} . 

In particular, if / : [/ — ?• A is proper (i.e., S = (P)red); one has the natural isomorphism 
H'dR,c{U,V),F^) ^ (f^r([/,V),F^' 

Proposition 1.10 Let U,f,'V be as before. We have the following functorial properties. 

(i) Let a : U' —> U be a proper morphism of smooth quasi- projective varieties and let 
V = a*V be the pullback connection on U' . Then the natural map a*($7^,V) — )> 
(fi^,, V') induces 

a* : HI (u,F^(y)) -^ H^ ff/',F^(V' 



(ii) Let i : V ^ U be a smooth divisor and j : U° ^ U be the complement. Then we 
have the natural long exact sequence 

>HI (u°,F^{V)) h HI (u, F^(V)) ^ H^ (v, F^(V) 

Proof (i) Take a compactification b : X' ^ X of a : U' ^ U such that {X',X' \ U') 
and {X,X \ U) are good compactifications of {U\ f o a) and {U,f), respectively. Write 
X' \U' = T' + (P')red where P' is the pole divisor of / o a. Then we have T' C b~^{T) 
since a is proper. Thus b*F^{'S7) C F^CV') and the assertion follows. 

(ii) Choose a good compactification (X, 5) of {U, f) such that S + V forms a normal 
crossing divisor of X where V is the closure of F C X. Thus (X, S + V) and (F, S fl F) 
are good for {U°, f) and {V, /), respectively. On X, we have 

F,^(V|c/o) = F,^(V)(-y)cF,\V). 

Moreover the natural sequence 

^ F,\V\uo) ^ F,\V) ^ F,'^(V|y) ^ 

is exact as can be derived easily by local computations. (Cf. [24^ Example 7.23(1)] and 
|101 Prop. 3. 7. 15] for the case / is trivial. In both references, V is allowed to be a normal 
crossing divisor.) The assertion then follows by taking hypercohomology. D 
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2 The duality 

In this section we assume that U is irreducible of dimC/ = n. We shall define canonically 
a perfect linear pairing 

for every i, which is compatible with the irregular Hodge filtrations on them. 

(a) The pairing on the de Rham cohomology 

To define the pairing on the de Rham cohomology of (C/, V), we mimic Deligne's con- 
struction in pi p. 124]. 

Fix a complex smooth irreducible quasi-projective variety U of dimension n and a reg- 
ular function / G 0{U). Let (X, S) be a fixed good compactification of {U, f) throughout 
the discussion. As before, let P be the pole divisor of / on X and write 

S = (P)red + T. 

We construct a chain map 

F\Vf) ® (FO(V_;)(-(P),ed)) H {n'^,d) (11) 

Ox 

to the usual de Rham complex of X in the following way. First by Prop lL3l the inclusions 
of complexes 

F^n) = F^{Vf){-nP) ^ F^{Vf) 

is a quasi-isomorphism and we have a chain map from F^{n) (8) F^{V^f){—{P)^cd)'- 
0{-nP) ^ > VL'^-^-iP) -^ ^ fi" 



0{-S) ^A yn^{-S + jP) -^ yn^'i-S + nP) (12) 



0{-S -nP)^ > Sl"-^(-5 -kP)^ > 0"(-5) = 0". 

Here the pairings 

h^'-'i-iP) ® n^{-s + jP) -^ n'^'+^-s - {i - j)p) 

Ox 

appeared in the above chain map are the natural exterior product. Now the last complex 
in ()12p is a subcomplex of (ri^,(i). Thus, via this inclusion, we obtain the desired chain 
map pT]) . 
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Taking hypercohomology, we then obtain the Poincare pairing 

continuous (n, n)-forni u i— )• 



UJ. 
X 

Theorem 2.1 For any i, the Poincare pairing {{ , )) constructed above is perfect. 
Proof. Indeed we have the perfect pairing 

n'{mS) h^'^'im'S) -^ h''{{m + m')S) = l^^((m + m' + 1)5). 
Consider the Hom-sheaf with value in S7^ 

(.)^:=Homo^(.,fi^). 
Then we have 



[F^i'^-f))' 



0{-nP) 



= O -A > r?"(nP) 

~ F°(V/)[n] (ProplL3]). 
Therefore by filtering the complexes and the Serre duality, we have 



mR,c{u,V-fY 



{X,F'{S/f)[n])=Hl^-\U,S/f). 



Here (•)^ denotes the dual vector space. 

One can use, e.g., the fine resolution of the twisted de Rham complex into sheaves of 
continuous {p, q)-iovnis (with appropriate poles along S) to check that the argument here 
is compatible with the definition of the pairing. (Cf. the proof of the next theorem.) D 

Theorem 2.2 The two pairs {H'^^^{U, V/), F*) and {H'^^^{U, V^f),F') of filtered vector 
spaces are dual to each other via the perfect Poincare pairing (up to a degree shift). More 
precisely, for any A we have 

{{F'H'^^{Vf),F(^^-'^+Hl^;:{v.f))) = = ((F^+/7^r(V;),F("-^)/7|^;;(V_;))) (13) 

and the Poincare pairing induces a duality between Gr H^-^^V f) and Gr"~ ^dR'c*(^-/)' 
(We have omitted the base U inside the cohomology in the formulas.) 

Proof. We use the fine resolution into continuous {p,q)- forms. Suppose uj G F^W^-^CVf). 
Since uj is the image of an element in W (F'^ (V f)) , it is represented by 

^cope 0r (x,f]s;-p(L(p - a)pj)) c ^t (^x,np^-pi[{p - x)p\) 

p>\ p>0 

Here C!,^~-^ denotes the sheaf of logarithmic {p, i — p)-forms with infinitely differentiable 
coefficients. As the inclution 



np{-{PU + l{p-x)p\),Vf) c(np{i{p-\)p\),Vf 
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is a quasi-isomorphism, there exists a G ©p>or (X,Cl^ ^{[{p — '^)^J)) such that 



J] (a; + D{a)), G T (x, hPJ"^{-{PU + liP " A)PJ)) . 

p>0 

Here D is the total differential given by 

D = V + (-lfJ on nP^{rP). 
Now given rj € F^""^^^ H"^"^^"^ {SI ^ j) , which is represented as the sum 

^r?, G r(x,f)^2"-^-^(-r+L(cz-n + A-£)Pj)) for some e>0, 

q>n — \ 

one obtains 



w, 



y^ {{{uj + D{a))n-q,r]g)) (definition) 



g>n— A 



y^ {{D{a)n-q,r]q)) (as tj„_, = if n - Q' < A) 



g>n— A 



/ Z)(q a 7?) (as D?? = 0) 
Jx 

(Stokes). 



The application of the Stokes theorem in the last equality above is valid since the contin- 
uous (2n — l)-form a Ar] has no poles on the compact X. Indeed for g > n — A and any 
e >0, 

an-gAVg e r(^X,n2^''-\[{n-q-X)P\-T+[{q-n+X-e)P\) 

c r(x,j^r-'(-(ncd-T)) 

while similarly 

an-i-,A7?, € r(x,l]^-i'"(L(n-l-g-A)Pj-T+L(g-n + A-e)Pj) 

c rfx,QSo-''"(-(ncd-T) 



c r(x,0So-^'«) 



The second equality of (J13p can be proved similarly. D 

Corollary 2.3 The filtered cohomology {H^j^^{U,V),F ) with compact support does not 
dependent on the choice of the compactification X. 
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(6) Pairings on the spectral sequence 

Again we have S := X \U containing the support (-P)rcd of the poles of / and S 
(-P)red + T. Take a sequence 



A_i <0 = Ao<Ai<---<AAf = n< Aat+i with Aj + Xn- 



n 



where Aq, • • • , Xn are ah the non-negative jumps of the filtration F'^CV) on X. Notice 
that we have 

[Xi-lP\ + [-XiP\ = -{P)red 

as can be checked easily. The associated Hodge to de Rham spectral sequence reads 

Ef'^^ = H^' {U, Gr^^(V)) =^ Hl^'^iU, V) 
where * = c or nothing. 

Er-terms and jumping gradings 
For <i <j <N + 1, let 



G 



tot 



i 
F^»(V/) 



and Gc 



tot 



Fti^-f) 



be the jumping gradings, which are the representatives of the quotients F^ (V j) / F^ (V f) 
and F^^»(V_j)/Fc ^ (V_/), respectively. Notice that similar to Cor J1.9l the hypercohomol- 
ogy of G(*) over X is independent of the choice of X. 

For two pairs of numbers i < j and i' < j' , we say {i,j) > {i' ,j') if i > i' and j > j' . 
Then for any {i,j) > {i',j'), there is the natural componentwise inclusion 



G 



G 



\2J \J 

and if i < j < k, one has the distinguished triangle 



(14) 



G 



G 



We have 



EP''^-P = Image Im.UX,G 



P 



G 



mux,G 



p — r + 1 



yP + rj J \ ' \ p + 1 

traditionally regarded as a subquotient of W^ (X,G(^^)j. The following commutative 
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diagram illustrates the various terms in the spectral sequence. 



mG{/,,)) -H'?(G(^)) 



Image = E2 



'P,q~p 



Image = Ea 



(15) 
(Here we omit the base X of the hypercohomology. Notice that G[j^^^ = F p(V/) and 

GUi)=Gr^nV/).) 

Similar pictures hold for G'c(*) (but replace V/ by V_/ in this case). 

From subs to quots 

Recall the complex F^[\) defined in ([5]) of §TJ Notice that by Prop jL3l the inclusion 

F\X) = F°(V)(L-APJ) ^ F\V) 
is a quasi-isomorphism for any A > 0. Define 

Qx = F'iX)<^\ 
We have the short exact sequence 

-^ F^{Vf) -^ F°(A) ^ Qa ^ 0. 
Now for < i < j < A^ + 1, define 

"Qa, 

i 



Q{ . ] :=tot 



Then for {i,j) > {i',j'), we have the componentwise quotient 



Qi . ^Q 



and the distinguished triangles 



G 



tot 



FO(A,) 

I 

A 



Q 



M +1, 



(16) 
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Since the middle term is quasi-isomorphic to zero, we obtain a quasi-isomorphism 

q(;)i-:i-.o('). (IT, 

The natural maps (J14p and (J16p are compatible with the above quasi-isomorphism. 



The pairings 

To show that the spectral sequence is compatible with the duality, we should construct 
pairings 

'i\ /N + 1- f 



for all < i < J < A^ + 1 which induce perfect pairings on cohomology and are compatible 
with respect to the partial ordering of various (i, j). 
Define a pairing 

as follows. For uj in the degree p term of Q(*) [—1] 

CO = (wi,w2) e np{[{p-Xj)p\)®np~\{p-i - x,)p) (19) 

and 7] in the degree q term of Gc{j^^{j'i) 

V = (m,^2) 

e n'i+^ ( _ T + [((7 + 1 - XN+i-i)P\) (Sn^i-T+liq- \n+i-j)P\) (20) 

= 0'?+i(-r+ [((7 + l-n + Ai_i)Pj) ©Sl5(-r+ [(g-n + Aj_i)Pj), 
we set 

(a;,r?);. :=^i7?2 + (-l)''a;2r?i G Q^+^i-T + [X,^iP\ + [-XiP\ + {p + q - n)P) 

= nP+l{-S-{n-p-q)P) 
C fi^^". 
One checks readily that 

d{u:,rj)i = {Vf{u;),v)i + (-l)^(c., V_;(r?));, 
where we have adapted the sign convention 

V/(W1,W2) = {Vf{uJi),{-lf-^UJi + Vf{uj2)) 

V_/(r/i,r?2) = (V_/(r?i),(-l)'^r?i + V_/(r?2)). 

(The sign (— 1)^"^ in the first equation is due to the shift [—1] in Q('-)[— !]•) 

Using the quasi-isomorphism ()17p we obtain the pairing (jlSp which induces a pairing 

]H['^(x,gQ) xIH2-'^(x,Ge(^+J:^]) ^FJJ^(X)=C (21) 

for each (7. 
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Theorem 2.4 For all < i < j < N + 1, the parings ((,))!■ are perfect and they are 
compatible with each other under the partial ordering of{i,j) and the map (fT4 



Proof. The proof of the perfectness is similar to that of Thm l2.11 One shows that the 
cohomology of the various truncations 

are dual to each other via the pairing by induction on the length /. In each step, the 
perfectness follows from the classical Serre duality asserting the perfectness of the pairing 

F« (x, nP{D)] X //"-'? (x, 0"-P(-5 - D)] -^ i7"(X, !^") = HJl{X). 

The compatibilities with the ordering of {i,j) and with the definition of the parings 
are clear by e.g. writing everything in terms of continuous differential forms. D 

Remark. For {i,j) = (0, A^ + 1), the quasi-isomorphism ()17p reduces to the inclusion 
F^{Xn+i) -^ F^CV). One can use this inclusion and the complex F^CV-j) instead of 
F^{n) -^ F°(V) and FO(V_/)(-(P)red), respectively in the construction ([H]) of the 
previous subsection to define the (same) pairing on the de Rham cohomology. In this 
case the above theorem then recovers Thm l2.l1 

Corollary 2.5 The cohomology He (C/, F'^(Vj)) and He (C/, Gr''*(Vj)) do not depend on 
the choice of the good compactification {X,S) of{U,f). 

Proof. Applying the above theorem for i = 0, we see that Hc^~'^ ([/, F'^'^+^-j (V_/)) is 
canonically dual to W^ lX,G[-)]. As already mentioned, this later space is independent 
of the choice of X. Thus after renaming the indices and the function /, we see that 
He ([/, -F (V/)) is independent of X. The other statement follows by taking long exact 
sequence and from the compatibility of the pairings with the ordering of (i, j). D 

Using the description in ()15p . the above theorem and the remark after it imply the 
following. 

Corollary 2.6 The pairings {{ , ))*■ induce perfect pairings 

(( , ))r : FP'5 X £;,^-P'2«-^-« ^ C. 

They are compatible with the pairing on the de Rham cohomology in the sense that 

{{UJ, r]))r = {{UJ, 1])) 

for (w, 7]) G HP+1 {U, F^p(V)) x He'"'''''' {U, F"-^p(V)) projected into Er-term in the left 
and into the de Rham cohomology in the right. 
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Proposition 2.7 For 0<i<j<k<N-\-l, the sequence of pairings constructed in 
(j2ip on the cohomology of the two distinguished triangles 



GQ 



Gil) 



GO 



+1 






m+i-k-s 

commutes up to sign. 

Proof. We show that already in the chain level the diagram 



„ /N+l-j) 



gOg.(S1:0 



G{i)^G4Z\--^) 



{,)) 



ix 



(n\,d) 



i^X,d) 



commutes up to sign where 6 and 5c are the map +1 in the distinguished triangles. Let 
u and r] be degree p and q elements in Q(*)[— 1] and Gc{j^t_-^^,) as in (fT9|) and ([20]) . 
respectively (but replace {i,j) by {j,k) in ([20]) ). Then 

<5M = (0,^i) 

G jlp+i(L(p + 1 - Afc)pj) e j^p((p- A,)p), 

G J7^+2( _ T + [((7 + 2 - n + Ai_i)Pj) e 09+1 ( _ 2^ + L(g + 1 - n + Aj_i)Pj) . 

Thus 

(5M,r?)i = (-l)Vr?i = (-ir(a;,5e(r?));.. 

On the cohomology level, we then have 



H,^))i + (-ir((^,5c(r?))); 







for a; G MP f X, G(i) j and r? G M^^-P-i f X, 






D 



Remark. The above proposition reduces to the special case of the compatibility of the 
pairings with respect to the ordering of {i,j) in the previous theorem if the spectral 
sequence degenerates at the £^i-terms since the connection maps in cohomology induced 
by 5 and 6c in the proof are then all zero. 

3 A surface example 

In this section, we consider the following situation. Let X be a complex smooth projective 
(irreducible) surface, which is regular, i.e., 

H\X,Ox) = 0. 
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Let / : X — > P be a morphism such that the fiber S := /~^(oo) is a connected (reduced) 
normal crossing divisor on X. Fix a positive integer e. We consider the irregular Hodge 
filtration of the twisted connection 

V:=d + din 

on U := X \ S . Thus / : [/ ^- A is proper. As before we let 

n), = n],iiogS). 

In this case, the associated Hodge filtration F (V) on the de Rham complex reads 
FO(v) ^ F0(f]3,(log V)) Oxi-S) n],iie - 1)S) nj,ii2e - 1)S) 

F™/^(V) n]^{{e-m)S) ^n\{{2e - m)S) 

^l+m/e^y) l]2^((e-m)5) 

where m £ {1,2,- ■ ■ ,e}. The attached spectral sequence reads 

^m ^ ^p+q (^x, GrP/"(V)) =^ H^piU, V). (22) 

Lemma 3.1 Let ojs be the dualizing sheaf of S. Then we have natural isomorphisms 

Gr^+™/^(V) ^L^s[-2] for m= 1,2,- ■■ ,e-l. (23) 

Proof. For any integer n, we have the adjunction exact sequence 

-^ n^{{n - l)S) -^ n^{nS) -^ ujsinS) -^ 

and the isomorphism 

ujs{nS) y us 

(between the two sheaves on X supported on S). The assertion then follows. D 

Lemma 3.2 We have 

H\X,0{-S)) = = H\x,n^). 

Proof. We have the short exact sequence of sheaves on X 

-^ 0{-S) ^O^Os^O 

which yields the exact 

= H^{X, 0{-S)) -^ H^{X, O) -^ H^{S, Os) -^ H\X, 0{-S)) -^ H\X, O). 
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Since S is connected, the complex vector space H^{S,Os) is one-dimensional. Since 
H^{X, q) = by assumption, we have H^{X, 0{-S)) = 0. 
Let S be the normalization of S. Consider the exact 

^ n^ ^ n^ ^^ o^ ^ 

which gives 

= H°{x, n^) -^ H°{x, h^) -^ H^{s, Og) A h\x, n^). 

The negative-definiteness of the intersection pairing on the irreducible components of S 
implies that the cycle map c is injective. Hence we have H^{X,Cl^) = 0. D 

Proposition 3.3 The short exact sequences 

^ f("^+^)/^(V) ^ F"'/%V) -^ Gr'"/^(V) ^ 

induce short exact sequences 

^ Ml ('x,f('"+i)/^(V)) ^ M^ (X,F'^/%V)] -^ M^ fx, Gr'"/^(V)) ^ 

for m = 0, 1, • • • ,e, i.e. in the attached spectral sequence, E^' ^^ = E-j^ ~^ . 
Proof. For m = 0, the assertion follows by the lemma above and the fact that 

^0 (X, Gr°(V)) = H\X, 0{-S)) = 0. 
For m = e, we have 

= IH1(X,f1+(V)) ^M^{X,F^{V)) ^M^{X,Gt^{V)) 

with Gri(V) ^ [^ ^ n^ ^ ws]. Since M^ (X,Gri(V)) is a subset of H^{X,n^), the 
assertion follows again by the lemma above. 
Now assume that 1 < m < e. We have 



= M^ fx,Gr™/'=(V)') -^ M^ (x,F'~"'+^'^I^{V) 

\ J \ / ^ ^24) 

^ Ml ('x, F™/'=(V)) A Ml (x, Gr"^/'^(V)' 



We need to show that the map a is surjective. By duality and (|23p . the dimension 
/ji ('X, Gr™/'=(V)) of the last term equals 

h^ (x,Gr2-'"/^(V'')) = h^{S,us) = 1. 



On the other hand, it is clear that the non-zero differential form d{f'^ ™'), with pole order 
exactly {e — m + \) along S, lies in 



Ml [X, F™/^(V)) = ker Iv [x, ^\{e - m)5)) ^"'^"^'^^"''^■^> F (x, n'^{{2e - m)5)) 
but is not in the subspace Mi (X, F(™+i)''^(V)). Thus a in ()24p must be surjective. D 
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Corollary 3.4 The Hodge to de Rham spectral sequence (j22p degenerates at Ei-terms in 
this case. 

Proof. First we have iJ^j^(X,V) C H^{X,0{-S)) = 0. Together with the proposition 
above, we have 

Kn{U,V)= Yl h'^(u,GT\V)) (25) 

0<A<2 

for i = 0, 1. By duahty the equahty ([2SD also holds for i = 3,4, which then forces ([^5|) to 
hold for i = 2. This completes the proof. D 

Remark. In this case, we have the Hodge symmetry 

dim/7* (c/,Gr^(V)) = dimH' (u,G?~^{S7)) . 



4 The hypersurface case 

We first recall the following well-known relation between the exponential sums and count- 
ing solutions of equations over a finite field. Let / be a regular function on a quasi- 
projective variety U over a finite field k. To count the number N{f) of the zero set 

{x e [/(k) I /(x) = 0}, 

one brings in a non-trivial additive character x : ^ — ^ C^ and introduces a new variable 
z = a fixed coordinate of an affine line A over k. Let / = zf, a regular function on A x f7. 
Then we have 

E X (7(x)) = q ■ N{f) 

x€{AxU){k) 

where q is the cardinality of k = A(k). 

Now the exponential sum in the left hand term of the equality above is related to the 
finite-field counterpart of the twisted de Rham cohomology while the right hand term 
consists of information of the closed subscheme of U defined by /. This suggests that in 
the world over the field of complex numbers, the de Rham cohomology of the connection 
V r over the product A x U together with its irregular Hodge filtration should reflect the 
usual de Rham cohomology of the closed subscheme (/) defined by / with the usual Hodge 
filtration. We work out this analogue in this section. We consider the case where (/)red 
defines a smooth divisor of U since we only have defined the twisted de Rham complexes 
and the filtrations for smooth varieties. 

Lemma 4.1 Let U be quasi-projective and smooth and U = A x U. Consider the two 
projections 

A^U\U. 

(i) Let V be the twisted connection on A associated with the identity map. Let V = 
a*V = V Kl d 6e the puUback connection on U. Then for any i, A we have 

H'(u,F^{V)) =0. 
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(ii) Let V be the twisted connection associated with a regular function on U and V 
6*V = d Kl V be the pullback. Then for any i, A we have 

W (u, F^{V)\ = W (u, F^(V) 

Proof. Let {X, S) be a good compactification of (U, f) where / = in (i) or the regular 
function in (ii). Then (P x X, {00} x X U P x S) is in fact a good compactification of 
([/, id o a) in (i) or ([/, / o 6) in (ii). 

(i) Let F^ be the exterior product filtration on P x X of F*(V) on P and F^{d) on X. 
By Cor J1.2l the natural inclusion F^ -^ F (SI) is a quasi-isomorphism. Thus we only need 
to compute the hypercohomology of F^. On the other hand, on the good compactification 
P of A we have 

GrO(V) ^ Op(-l) and fO+(V) = f)icp[-l] = Op(-l)[-l]. 

Thus F^ is quasi-isomorphic to an extension of 

A := Gr°(V) M F^{d) ^ Op(-l) m F^{d) 

by 

B := F°+(V) M F^-{d) ^ Op(-l)[-l] M F^{d). 

Since A and B have trivial hypercohomology, the assertion follows. 

(ii) Similarly let F^ be the product filtration on P x X of F\d) on P and F^{V) on 
X. We have the quasi-isomorphism F^ — > F {V) by Prop lLTl This time on P we have 

GrO(V)^Op and fO+(V) = Oi^phl] = Op(-l)[-l]. 
Thus F^ on P X X has the same hypercohomology as -F'^(V) on X. D 

Lemma 4.2 Let f be a nowhere vanishing regular function on a smooth quasi-projective 
U° and f = zf on A x U° where z = identity on A. Let S/ = d + df be the twisted 
connection on A x U° . Then for all i, A we have 

H''(Ax U°,F^{V)] =0. 

Proof. We have the commutative diagram 

AxU° 




where 

a{z,x) := {zf{x),x), 

is an isomorphism. Thus to prove the assertion, one reduces to the case where f = z via 
the isomorphism a. The assertion then follows from Lemma l4.1( i). D 
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Theorem 4.3 Consider ji pair {U, f) as before. Let V = (/)rcd be the closed subvariety 
of U defined by f. Let f = zf on A x U where z = identity on A. Assume that V is 
smooth. Then, for any i, X, 



KrI{^^U,Vj)=W^^^,{V) 



and 



where * = c or nothing. 

Proof. By duality, it is enough to consider the case for the cohomology with compact 
support. 

LetU° = U\V. Thus the three 

Ax[7°-^AxC/^Axy 

form an open-closed decomposition and, by Prop fTTTUl we have the long exact sequence 

>HI(Ax U°,F^{V)) ^Hi(Ax U,F^{V)) ^HI(Ax V,F^{df 

By the dual of the lemma above and the Kiinneth formula, we then have 

HI (a X C/,F^(V)) =Hi(Ax V,F^{d)) = H'-^ {y,F^^'^-^{d)' 

The assertions now follow. D 

Remark. The above theorem implies in particular that the Hodge to de Rham spectral 
sequence degenerates at Si-terms in the case V = Vr. The fact that the filtration F^{d) 
indeed induces the Hodge filtration of the canonical mixed Hodge structure on HdR^ciV) 
can be found in [TOl §4.3.3 and Prop. 4. 3. 6]. 

Using the same idea, one has the following statements, also motivated by counting 
the number of the solutions of equations over finite fields. 

Corollary 4.4 Let /i, • • • , /« be regular functions on U and consider f = Y^l^i Zifi on 
A" X U where {zi} = the cartesian coordinates on A". Suppose that each {fi)red is smooth 
and X]r=i(/')rod is a strict normal crossing divisor. Let W = nr=i(/«)rcd- Then, for any 
J, A, 

TJ+2n f .n ^ TT jr/\ - uJ 



and 

where * = c or nothing. 
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Proof. Again by duality, it is enough to consider * = c. The above theorem gives the 
results for n = 1. 

In general, one considers the commutative diagram 



A" X y ^ A" X U ^ A" X U° 



JU 



XU° 



A"" xU 




Pri 



where V = (/i)red, U° = U \V and 

a{zi,--- ,Zn]x) := {zifi{x) -\ h z„/„(x),22, • • • ,Zn;x) 

defines an isomorphism. Now the triangle in the diagram shows that on A" x U° , the 
connection is isomorphic to d+dzi. Then by Lemma [4. 21 (applied to / = 1 on A"^^ x U°), 
the cohomology of this connection and of its filtered pieces all vanish. Therefore the long 
exact sequence associated with the open-closed decomposition in the upper row of the 
diagram gives 

^dR,c (^" X U,F\V)) = H'^^l (a" X y,F^(VUnxy)) = ^^R,, (a"-i X V,F>^-\V: 

for any j,X with V' = d + c?(X]"=2 -^«/«) ^^ A"^-*^ x V. Here the second equality follows 
from the fact that V|a"xV = dz^ Kl V' and by the dual of Lemma l4.1( ii). The statements 
now follow by induction on the number n of the defining equations of W. D 

5 The toric case 

Suppose U is a torus. Inspired by the investigation [Ij of exponential sums over a torus 
via Dwork's j?-adic methods and the work of Kouchnirenko |20j on the Milnor numbers 
of isolated singularities, Adolphson and Sperber in [2] study the twisted de Rham coho- 
mology on U (in fact in a more general setting which also allows multiplicative twists). 
They derive that for generic /, the twisted de Rham cohomology is concentrated in a 
single degree. The method there is to introduce a filtration, already appeared in |20] . on 
the de Rham chain complex and show that the associated graded complex has non-trivial 
cohomology only at one degree. In this section we recall their filtration and show that 
the induced filtration on the de Rham cohomology coincides with our irregular Hodge 
filtration for / generic. 

Our reference for the theory of toric variety is |11) . In particular, see |1H p. 48] for the 
existence of the equivariant resolution of singularities and [11^ p. 61] for the computation 
of the valuation of a function on a toric divisor. 

In this section we let 

U={A\ 0)" and / G 0{U) = C[x^^] 

where x = (xi, • • • , Xn) is the system of cartesian coordinates of U. Again let V = d + df 
be the twisted connection on U. Recall the following. 

Definition. Write / = X^^g^n c{a)x'^. 
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(i) The Newton polyhedron A(/) of / is the convex hull in M" of the finite set 

{0} U {a G Z" I c{a) + 0}. 

(ii) The function / is called non- degenerate with respect to A(/) if for any face S of 
A(/) with 0^6, the system of equations 



fs 



dxi 



dx„ 







(26) 



has no solution on U where fs '■= ^cieS c(a)a; 



One regards A(/) as sitting in the space of characters Mjj := M (8> Hom([/, C^). It 

z 
then defines a fan on the dual space A/r := HomiR(M, M) where each codimension one face 

of A(/) corresponds to a ray in the fan, pointing to the inward normal direction with 

respect to the natural pairing N-g^ x Mr — > M. Now one can refine and enlarge the fan to 

make a cone decomposition of A^r such that the associated toric variety Xtor is smooth 

and proper and the toric boundary S := Xtor \U is a simple normal crossing divisor of 

Xtor- Each ray in this refined fan corresponds to an irreducible component of S. We fix 

this Xtor in the sequel. We have the commutative diagram 



U- 



f 



■A 



Xt, 



■F 



where the two vertical arrows are the inclusions but the lower arrow is just a rational 
function on Xtor in general. 

The connection V on f^ again extends to the complex on Xtor 



{n'{*s),v) = o{*s) ^ n\*s) 



o"(*5) 



and we have 



^dR(f^, V) = M*(Xtor, (J^*(*5), V)) . 



U' X U" of U into two tori and 



V 



/' 



d and our discussion of the 



If dimA(/) < n, there is a decomposition U 
f G 0{U') such that / = /' o prjj,. In this case V 
irregular Hodge filtration also reduces to the product situation. Thus for simplicity, we 
will assume that dim A(/) = n in the rest of this section. The general case then can be 
deduced easily. 
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(a) The Newton polyhedron filtration 

We define the Newton polyhegron filtration Fj^p(V) of (r2'(*5), V) on Xtor similar to the 
filtration F (V) for a good conipactification X. Again let P be the pole divisor of / on 
-^tor- Let 

Fi^p(V) := [O(L-APJ) ^ n\Y{l - \)P\) ^ ••• ^ h^{[{p-\)P\) ^ ...]-^'^ . (27) 

Notice that if the origin is contained in the interior of A(/), then the morphism f : U ^ A 
is proper and the filtration F-^p{V) is indeed exhaustive. 

To compute the hypercohomology of F^pCV), first notice that on the toric variety 
Xtor the locally free sheaf Cl^ is trivial for any p. Indeed as an O-module it is globally 
generated by 

*" -'- dxr 



aI^^ 



I, Xl Xn 

On the other hand for p > A, we have |1H Prop. p. 68 and Cor. p. 74] 



W{X,,,,0(l{p-\)P\) 



C-vector space generated by {x"} 
where a runs over the lattice points if i = 

inside the dilated polyhedron {p — X) ■ A(/) 
if i / 0. 



Thus one obtains 



Xtor,Fi:Jp(V)j = W [T (^Xtor,Fl^p(V)j j (28) 

and this cohomology does not depend on the choice of Xtor- 

Theorem 5.1 Suppose A(/) = n and f is non- degenerate with respect to A(/). With 
notations as above, we have 

(i) For A < the inclusion F^p(V) — )• (ri*(*S'), V) on X is a quasi-isomorphism. 

(ii) H' (r (Xtor,Gr^p(V))) / only ifi = n. 

(iii) Let Vol(/) be the usual Euclidean volume o/ A(/) in M". Then 

n\ ■ Vol(/) if i = n 



"^^ '0 otherwise. 

The proof of (i) is established in [2^, pp. 70-73] where the authors show the quasi- 
isomorphism between the two complexes {K\5f^a) and {KQ,Sf^a), which correspond to 
F^p{V) and {n'{*S),V), respectively. For (ii) see [21 (4.3)], cf. [H Thm.2.14] and [201 
Th.2.8]. For (iii), see H Thml.4 and Thm.4.1]ll] 

Combined with ()28p . the above theorem implies the following. 



^ The relations between the notations here and in ^ are that 

r (Xtor,F^p(V)') = F^xK' and GrJ,p(V) = {K-,Sf,^). 
Notice that there is a typo in ^ p. 68]. In hne 18, the weight (fc/e) — I should be (fc/e) + I. 
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Corollary 5.2 Suppose A(/) = n and f is non-degenerate with respect to A(/). The 
spectral sequence attached to the filtration Fj^p(V) on Xtor converges to HdRiUjV) and 
degenerates at the initial stage. 

[b) The comparison 

As already mentioned, the rational function / on Xtor is not yet a morphism to P in general 
and hence (Xtor, S) is not a good compactification of {U, f) for defining the irregular Hodge 
filtration. This is because the zero divisor Z and the pole divisor P of / intersect and 
one needs to perform blowups, say tt : X ^ -^^ton in order to eliminate the indeterminacy 
and to obtain a morphism / : X — ?> P. However when / is non-degenerate with respect 
to A(/), we can say more. 

Proposition 5.3 Suppose that f is non- degenerate with respect to A(/). Then on Xtor 
the zero divisor Z and the support of the pole divisor (P)rcd of f intersect transversally 
and the intersections of Z with various toric strata of {P)rcd ore smooth. 

Proof. A codimension r toric stratum D of {P)rcd is a dense torus sitting in an irreducible 
component of the intersection of certain irreducible components Di,- ■ ■ , D^ of S. Each 
Di corresponds to a ray in N^, which then corresponds to a face 5i of A(/) (containing 
the exponents a € A(/) with most negative product with the direction of the ray). A 
face 6 in the intersection of 5i then corresponds to D and fs is the most singular term 
of the function / restricted to D since those monomials in fs are among the terms in / 
which have the highest pole order along D. We have 0^5 since otherwise / has no pole 
along D. Also the indeterminacy locus Z f] D on D is exactly the zero set defined by 
fs = 0. Now the condition of emptiness of the solution of (|26|) (which becomes the usual 
Jocabian criterion after a change of variables) exactly says that Z f] D is smooth, which 
is what we want. D 

From now on we assume that / is non-degenerate with respect to A(/). 

We construct one particular tt : X —^ Xtor to obtain f : X ^ ¥ as follows. One picks 
an irreducible component D oi Z r\ (P)rcd and then take the blowup X' along D. If the 
exceptional divisor E contributes to the pole of f on X' , we perform the blowup along 
EnZ' where Z' is the zero divisor of f on X' . Continue this procedure until / extends to 
a morphism to P along the exceptional locus on X^*^-*. Let Z^^> and P^^' be the zero and 
pole divisors of / on X^ ' . Then one picks one irreducible of Z^ ' n (P^ ')i:cd and performs 
a sequence of blowups again as above. Repeating the procedure, one then obtains the 
commutative diagram 



(29) 
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where each step is the blowup along a smooth irreducible of the intersection of the zero 
and pole divisors of /. 

Now {X, X\U) defines a good compactification of (C/, /) and we have the filtration 
F^iSJ) on X. We shall show that there is a natural quasi-isomorphism TZir^F^CV) — >■ 
F]^p(V) on Xtov for each A. Consequently they define the same filtration on H^j^ji{U,'V) 
and furthermore the Hodge to de Rham spectral sequence degenerates in this case. 

For this and to simplify the notations, we consider the filtrations, called F^(\/) and 
F^iV), of the twisted de Rham complexes on Xi and X2, respectively where e : X2 — ?> Xi 
appears in the above sequence of blowups. They are defined exactly as in ([27|) (which 
does not require the variety is toric). Now notice that for X2 = X the filtration -F2 (^) ^^ 
-F^(V) for the good compactification X while for Xi = Xtor the filtration F^{V) is the 
Newton polyhedron filtration i^j^p(V) on the toric Xtor- One then checks immediately 
that 

F2^(V) C e* (f^\V)) . (30) 



We want to understand the difference of this inclusion. 

We look at the local situation over a point of the center of blowup in Xi. Prop JSTSl 
ensures the following. We can take Xi = D" with coordinates 

{x,yi,--- ,yk,h,--- ,tl,Z,Tl,--- ,Tm} 
and U = (1!)°)-'^+'^+' x 1])^+'" with the boundary Si = {xyt). The regular function on U is 

/ 



z z 

= ?i FT (for some e, r > 0). 

x^y^ x^yl^---yl^ 



The center H of blowup e is given by a; = = z. 

The blowup X2 C Xi x P is given by the equation 

xu = zv {[u^v] G P). 

We use the notations in the illustration of X2 — ^ Xi below. 



B 



A 



B 



C 




Here the exceptional divisor E is a. split P^-bundle over the y-t-r-coordinate plane H of 
Xi. Let 

e' := e - 1. 

Thus the pole divisors of / on Xi and X2 are given by 

Pi = eA + rB and P2 = eA + e'E + rB, 
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respectively. We have the information at the two points ai and 02 in the table below with 



and u 



coordinates 
/ 



«i 



02 



{v,z,y,t,T} {u,x,y,t,T} 
1 



^Bj-e yr 



X" y' 



We consider the refinement of the inclusion ()30p as follows. Write p = [A] . For 
g = 0, 1, • • • ,{n — p), let R\{q) = {Rx{q)' ^V) be the complex on X2 given by 



if i < 

Rxiqf^^ = { ^P+^' ((/^ + Je)A + (^ + je)E + {u + jr)B) i( < j < q 

nP+^ {{fi + je)A + (/u + je' + q)E + {u + jr)B) if j > q 

where fi = [{p — A)eJ and u = [{p — A)rJ. We have 

Rxiq-l)^^+''-'=Rx{q)^^^'^-' 

and 



(31) 

(32) 
(33) 



Rx{-1) := Fi{V) C iiA(O) C Rx{l) C • • • C i?A(n - p) = vr* (F^^V)] . 

Notice that Rxi-1) = RxiO) if [{p - A)eJ = [{p - A)e'J. 

To understand the successive quotients of p3]) . we introduce one more complex. Let 
52 = X2\U. For three integers p,i],^, we let {K' c, V) be the subcomplexof (0*(*S'2), V) 
on X2 whose degree-j term is given by 

K^^^^ = Cl^ {{p + je)A + (77 + je')E + (^ + jr)B) . 

One has 



(K* 

[ fi—pe,fi—pe'+q,u—pr 



>v) 



>p+q 



(34) 



Rxiq)-"-"" 
Lemma 5.4 The inclusion 

is a quasi-isomorphism of complexes on X2 for any p,r],^ G Z with the condition that 
V>Oife' = 0. 

Proof. At the point ai, one only needs to consider the case where e = 1, thanks to 
Prop [L3l In this case, we have the exterior product decomposion 



(^P%,5,V) = (K'^,V') 






where K* c is defined similarly as the definition of K' , above but now on the coordinates 
{v,y,t,T} for the connection V' attached to l/{vy'^). The assertion then follows from the 
fact that 



o.^ni 



-o. A Inl 
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is a quasi-isomorphism for any i >0. 

The case for points between ai and 02 is similar. 

At the point 02, let O be the coordinate ring and O = O/xO. One has to check the 
exactness of 



0^'-H(^ + 1 - e')E + (^ - r)B) v,-i n^jjij + l)E + ^B) 
n^-\{r]-e')E + {C-r)B) Q^{rjE + ^B) 

V, n^+\{i] + l + e')E + {^ + r)B) 



(35) 



n^+^{{7] + e')E + {C + r)B) 
where now the connection is the O-linear map given by the left cup product with 

1 / ,_ _e'dx _s:^ Tidyi] u I du e'dx sr^ ridyi\ 

; du — U U y = ; — > . 

x'^y'' \ X fr^ Vi J x^y"- yu x f-[ Vi J 

First suppose that e' > 1. Let 

,?i A ( du dx dy dt ,1 
A, :=0-/\ — ,— ,^,-,dr 
' ^ I u X y t J 

be the O-module generated by i-forms. Now notice that the complex 

1 A ^^-^ 1 A ^J-\ 1 A ^K ^ A 



being isomorphic to the Koszul complex associated with 



^ ]■„ i ^ f ^''^ —e'dx —ridyi 



{uoo, t^o, ^j}i=i corresponding to —7— <^ ^, 



fc 



x" y I u X Hi ) i=i 

is exact. Thus if Vj(a) = for some a in our degree- j piece, there exists a 

/3 = du A /3i + /32 with { "^"+ 2^^ ' A ^ / * .J 

such that Vj_i(/3) = a. By subtracting Vj_2(x'^ y'^A) to /3, we may assume that /3i = 0. 
Then the part x~^ y'^du A /32 of a = Vj_i(/3) does not have u in the denominator, and 
hence neither does /32- Therefore j3 G ^^+7:^7-^37 A j_i and (p5|) is exact. 

The case e' = is similar. D 

Lemma 5.5 Recall the complex R\{q) on X2 defined in (]3ip . For q = 0, 1, • • • ,n — p, 
the quotient Rx{q) / Rx{q — 1) is quasi-isoniorphic to a direct sum of the relative degree 
{—l)-invertihle sheaves ©£;/=(— 1) concentrated at degree p + q. 
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Proof. Let fi = [{p — A)eJ and v = [{p — A)rJ. Let a = fi — pe, b = fi — pe' + q and 
c = V — pr. By the relations (j32p and (|34p and the previous lemma, we have 



^XW ^) {J^a,b-l,c ^a,b-l,c) [^a,b~l,c ^a,b-l,c ) 

(Notice that if e' = and 6 = 0, then we have q = fi = and Rx{—1) = Rx{0)- So there 
is nothing to prove.) 

Let T] = n + qe and S, = v + qr. Away from u = (neighborhood of ai), the O^j-module 
^ab'c~ /-^ab-~i c ^^ generated by wi of the four types listed in the table 



yTi e^-q e yS, ^ . ^^^ 



Cl • • • Cp+g-1 
-fCl ■ ■ ■ Cp+g-2 



-fCl- ■ ■ Cp+q-2 
dvdz_/- /- 

V z ''I ■ ■ ■ ^p+q-3 



xV e y? ^-012 



Cl • ■ ■ Cp+q-l 
du /- /- 

- — <,l---<,p+q-2 

ef + Eti-.f)Ci---Cp+.-2 

-Etl^i^)Cl---Cp+q-3 



where 



. dy dt 



One checks that we have 

u ■ V{loi) = V(a;2) (mod RP^^^, = 0^+5(7?^ + (?? - l)E + ^B)) 

where UJ2 are the corresponding forms lying away from v = (neighborhood of 02) listed 
above. This equation shows that the last term of ()36p is a direct sum of 0_e/h(~1)- ^ 

Theorem 5.6 Consider the pair {U,f) where U is a torus of dimension n = dimA(/) 
and f is non- degenerate with respect to A(/). Then 

,. ^-.i ,-rj ^s \ n! • Vol(/) if i = n 

[0 otherwise, 

the irregular Hodge filtration coincides with the filtration induced by F^p[V) on any 
smooth toric compactification Xtor with simple normal crossing boundary Xtor \ U, and 
the Hodge to de Rham spectral sequence degenerates at the initial stage. 



Proof. We choose a good compactification X with tt : X ^ Xtor as constructed in (|29]) . 
We have the natural inclusion 

F\V) C vr*Fi^p(V) (37) 

for any A € M from ()30p . The refinement ()33p and the above lemma show that there is 
a refinement of the inclusion (I37p such that the successive quotients have trivial higher 
relative cohomology T^V* in any degree i > 0. Thus the adjoint 

7^7r,F\V) ^ F]^p(V) 

is indeed a quasi-isomorphism of complexes on Xtor for any A. The assertions now follow 
from Thm l5.l1 and Cor J5.21 D 
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6 Relation with Sabbah's work 

In this section, we first recall the work of Sabbah in [25] and apply the results to obtain 
the degeneracy of the Hodge to de Rham spectral sequence in the case where f : X ^ ¥ 
is a smooth morphism and U = /~^(A). 

(a) Results of Sabbah 

Fix a coordinate t of A C P and let z = t~^ be the local coordinate at oo G P. 

We start from a variation of pure Hodge structure {Ai,F,6) on P. Here the triple 
{M,F,9) consists of 

• a local free coherent Op-module A4, 

• the Hodge filtration F^, which is a finite filtration on ^A by locally free and co-free 
Op-submodules with integral jumps satisfying 



Let 



M = F^M e F'^+^-^M for all A 
for a fixed integer w, and 

a connection 9 : A4 ^ Ql, A4 satisfying the Griffiths transversality 

Op 

F^^^m) Cl7i (8 F^M for all A. 

/ Op 



M = M{*oo) := 0{*oo) (g) M 

Op 



and consider the meromorphic connection 6 on A4 defined by 

M i^^^iA 0^ ® M. (38) 

Op 

In this setting, Sabbah in \25\ §6] defines an exhaustive and separated filtration F^^^ 
on Ai by locally free sheaves, which satisfies the Griffiths transversality with respect to 
6. (This is called Deligne's filtration in the reference and thus the subscript in -F^gi.) The 
definition is as follows. 

Away from oo, the new filtration F^^j coincides with the Hodge filtration F on A4. 

Let dz = 9{d/dz) : M ^f M. Then at the point cx), we define 

fLiM:=Y,U-\) -F^+^M. (39) 

fc>0 ^ Z J z 

(Notice that d^ - l/z"^ = 5{d/dz).) 

One checks that this yields an exhaustive and separated filtration of ()38p by the two- 
term complexes 

5 



F^^,M^nl0F^~'M 

Op 
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(40) 



Now by the Griffiths transversahty of 6 and induction on A; > 1, an easy calculation 
shows that at oo we have 

{d. - ^) ' -/'^'M ^ ^F'^^M (mod ^F^M) 



and hence one obtains 



Globally one then has 



fLm = J2-^,f>^^'^m. 



fc>0 



F^,,M = J2{F''''M){{2k + l)oc). 



k>0 



(41) 



In particular if the jumps of the Hodge filtration F^ are all non-negative integers, we have 
^Bei^ = (FbciM) (2LAJ • oo) for any A > 0. 



Notice that in this setting, the connection 6 in (j40p is an injection between Zariski 
sheaves on P since the Op-linear factor dt in 5 increases the pole order at c« by two while 
the C-linear part 9 increases the order by at most one. 

Proposition 6.1 Assume that the jumps of the Hodge filtration F are all non-negative 
integers. Then for any A < 0, the natural inclusion 



is a quasi-isomorphism of complexes on P. 



(42) 



Proof. As before we refine the filtration F^^i such that the successive quotient complexes 

become easier to deal with. Let Fj^ei denote the complex in the right hand term of ()42p . 
For any positive integer i, consider the complex F~^ defined by 



F" 



F^,,m) (ioo) A f]i ® [f^^iM) {{i + 2)oo) 



Then we have the filtration 



-4-1 



Del 



p-2i~3 -^ p-2i-2 -J ^~2i-l _ p^ 



Del 



(i>0) 



and on each graded piece the map 5 is simply the multiplication by dt, which is clearly 
an isomorphism. D 

Theorem 6.2 ([25, Thm.6.1]) Assume that {A4,F,9) is a variation of (pure) Hodge 
structure on P. With notations as above, we have 
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(i) M' (¥,M-^n'^®M) =Oifi^ 1, and 



(ii) the natural map 



• ^Dci-^ ^n^0 f^~,^m) -^ W (¥,M^n^®M 



is injective for any i,X. 

Remark, (i) The above discussion is a special case of the consideration in |25j where 
the whole construction is carried out in the case that M is the minimal extension of a 
variation of Hodge structure on an open dense subset of P. In this case, the definition of 
-^Dei-^ involves the ^/-filtration on Ai across the singularity. However in our restricted 
setting, the smoothness of A^ on P implies that V'^~ ''^'M = M. Thus the definition in 
[251 §6.b] reduces to (f39]l . 

(ii) To be precise, Sabbah considers the twist — dt on ^A, not 9 + dt. Thus one 
should apply the results in [25] to the variation i*AA where l is the multiplication by —1 
on P. By translating |25[ Thm.6.1] applied to i*^A via the isomorphism t, one obtains 
the above theorem. 

(fe) The case of a smooth pencil 

Let / : X — )■ P be a smooth proper morphism. Let U = /~^(A) and consider the irregular 
connection V = Vj on U . In this case, we have P = S and OxiS) = /*C'p([oo]). 
For any integer A, let 



G' 



n^xis) ^ ^^x^H^s) ^ • • • ^ n'+'{i2j + i)s) ^ • • • [-a] 



G' 



rel 



n 



A+i, 



(S) A fl^)^(3S) ^ • • • ^ n^x/mj + 1)S) ^ • • • [-A]. 



Notice the different chain maps V and d in the definitions. As in the untwisted case, one 
has the exact sequence of complexes on X 

^ f*nl (g) G,^eT^[-l] ^G^^ Gre\ ^ 
Ox 

for every A since / is smooth and df = f*dt, which is zero in the relative differential 
forms. Thus on P one obtains the distinguished triangle 

nf.Gi, 4 f]J> ® nf,G^-,^ ^ 7^/*G^[l] A . (43) 

Op 
We now consider the following relative cohomology on P 

Mi := n' fx = n' f^G'^.^i 

Mi := Mi{*oo) 

equipped with the Hodge filtration and the Gauss-Manin connection 9. One then can 
consider the twisted connection 6 = 9 + dt on Mi as in the previous subsection. 
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Lemma 6.3 We have 



F^^,M, = n^UGi, 



and under this identification, the connecting map 6 in ()43p equals the twisted connection 
defined in (j40p for the variation A4 = Mi of pure Hodge structure. 



Proof. Combining the usual Hodge filtration and the projection formula, we have 
{F^Mi) (noo) = 7^7* [f^^x/p("^) ^ ^x/p(™'5) ^ " " 

regarded as a submodule of M. By the explicit description (l4T]l of the filtration Foei, the 
first assertion follows. 

The second assertion is clear since the differential of the complex G setting in the 
middle of the commutative diagram (I40p is simply given by the twisted connection V = 
d + f*dt. D 



Lemma 6.4 The distinguished triangle (j43p splits in the sense that for any i, one has 
the quasi-isomorphism 



7c /* I iij^/p(Dj — > sZj^/p(oDj 



tot 



x/p\ 



nl ® 7^v* (^x7p(^) ^ f^x/p(35) 



n'fJn^j,{s)^n'^+H3S) 



Proof. This is equivalent to show that the upper row in the commutative diagram 

^nl® n'f.G^-,^ 7^^+V*G•^ o 



^TZ'f^G 



X 
rcl 



Tl'f*Gl 



rel 



ni(^n'f^G 



-1 

rel 



■■nl{2oo) ®n^f,Gl 



rel 



is exact for any i, which is enough to show that the connection 5 in the upper row is 
injective. Notice that the injective vertical maps follow from the previous lemma. Now 
the map 5 in the lower row is injective as mentioned in the previous subsection (before 
Prop EI]). D 



The relation with our irregular Hodge filtration F^(V) on X attached to V = V/ is 
given in the following. 

Lemma 6.5 For any integer X, the inclusion F (V) — )• G of complexes on X is a 
quasi-isomorphism. 
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Proof. One only needs to look at the stacks at points in S. Consider the following refine- 
ment 



R{k) := G^ n ( [n\ks) ^ n^+\{k + i)s) 

We have (strict inclusions) 



n^-^\ik + j)s) 



[-A] . 



F^(V) = R{0) C i?(l) C • • • C i?(n - A + 1) = G^. 

We now show that each inclusion above is a quasi-isomorphism. 

Let {z,xi, • • • ,Xm} be local coordinates at a point in S such that / = 1/z. Then 
the quotient Q{k) := R{k + 1)/R{k) is an O := O / zO-lineai complex with V = left 
multiplication by —dzjz^. Let us check that the complex Q{}i) is exact at degree A + j. 

When k = j, the (5-module Q{k)^~^^ is generated by 

A+i 



1 

T-pY /\{(ixi,--- ,(ix„}. 



It is then obvious that V : Q{k)^^^ -> Q{k)^^^^^ is injective. 
When /c ^ j, the O-module Q{k)^^^ is generated by 

1 ^'^^' dz ^^■'"^ 

-2-:pj- /\{da;i,--- ,drcm} and 5:=^^^ /\ {dxi, • • • , dx^}- 

Thus kerjV : Q{k)^^^ — > (^(A;)''*^-'^^} is generated by the collection B over 0, which 
clearly lies in the image V (Q(^) -^ "'^) of V. D 

Theorem 6.6 Let f : X ^- F be a proper smooth morphism, U = f~'^{A) and V = V/ 
the irregular connection on U . Then the Hodge to de Rham spectral sequence associated 
with the irregular Hodge filtration F {SI) degenerates at the initial stage. 

Proof. Notice that in this case the jumps A in the filtration F*{S/) are all integers. We 
have to show that H^ (U,F (V)^ — )• H^ [U,F^(\/)) is always an injection for any i and 
any A > 0. First by Lemm&MM we have H' {U,F^{V)) ^ W {X,G^). 
Now consider the commutative diagram 



M^+i ( P, Ft.Mi 4 f^i O F^::^M 



'-^ Del 



Del 



- H^'+i ( F, F^,Mi 4 J]i ® F^^.M 



ax 



ao 



w 



■iX ^^ ni 



A-l 



bx 



- M^+i ( p, 7e7*G0,i 4 fii ® n'f,G_ 



bo 



^ m^ (p, 7^*+V*G°) . 

Here the horizontal arrows are induced by the natural inclusions of complexes, the two 
vertical isomorphisms a\,aQ, are given by Lemma [6. 31 and the last two isomorphisms b\, bo 
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are given by Lemma |6.4[ By Thmj621 the upper arrow is always injective and the two 
spaces in the upper corners are non-zero only if j = 0. Thus the same statements hold 
for the lower arrow and the lower corner spaces. 
It follows that the spectral sequence 

^f = MP (f, 7^V*G'^) =^ IF+i (x, G^) 

degenerates and yields 



H« {X,G^] -> W (P,7^V*G-' 
This completes the proof. D 

A Comparison with Deligne's definition 

In this appendix we recall Deligne's definition of the irregular Hodge filtration in the 
curve case in [9] and show that it induces the same filtration as ours in the de Rham 
cohomology. 

Consider the pair ([/, /) where U is a smooth curve. Let V = d + d/ be the associated 
exponentially twisted connection on U as before. Let X be the smooth completion of U 
with boundary S := X \U. Again write P = the pole divisor of / on X. 

Deligne then defines inductively an exhaustive and separated filtration 5 of the two- 
term complex (r23f(*5), V) by letting 



nn'xi*s),v)= d^Ox{*s) ^ rn'xi*s) 



where 



if A > 

d^Ox{*S) = { Ox{S-\XP]) if-l<A<0 

{d^+'Ox{*S)){S + P) ifA<-l 

d^^x{*S) = Q]^ (^ (d^-'Ox{*s) 

Ox ^ 
Define a subcomplex J73(^(logj V) of (il^^ (*S'), V) to be the two-term complex 

ker{i?0Ox(*5) ^ Gr^ Qi^(*5)} -^ 5'0+[7^(*5) 

equipped with the induced filtration J'^. Then J'*'J7^(logj V) is non-trivial only if < 
A < 1. We call r2^(logjj V) the logarithmic subcomplex of (ri^(*S'), V); it is a complex of 
coherent sheaves on X, filtered by coherent subcomplexes. The context of the irregular 
Hodge theory over curves is then summarized as the following. 

Theorem A.l (Deligne) With notations as above, we have the following. 

(i) The natural inclusion {Q,'j^{log^S/),'V,^) -^ (Jl^^ (*5), V,5) is a quasi-isomorphism 
of filtered complexes on X. 
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(ii) For each A, the map E[(X, 5^ ) -^ HdR{U,V) induced by the inclusion of complexes 
is injective (i.e. the spectral sequence associated with the filtration ^ degenerates at 
the initial Ei stage). 

We remark again that the construction can be generalized to exponential twists of uni- 
tary regular connections of any ranks over the curve U and the corresponding statements 
as above continue to hold in the general case. 

Now let us compare the two filtrations F*(V) and J*. First we clearly have F^CV) C 
5 for any A S M. On the other hand, one readily observes that the two corresponding log- 
arithmic filtered complexes Q^{logp V) and $7^(logr V) are exactly the same subcomplex 
of {Q^{*S),'V). Thus we obtain the following statement. 

Proposition A. 2 In the curve case, the two filtrations F*(V) and ^' induce the same 
filtration on the twisted de Rham cohomology HdR{U,'V). 
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